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We discuss how strongly interacting higher-order symmetry protected topological (HOSPT)
phases can be characterized from the entanglement perspective: First, we introduce a topologi-
cal many-body invariant which reveals the non-commutative algebra between flux operator and Cn
rotations. We argue that this invariant denotes the angular momentum carried by the instanton
which is closely related to the discrete Wen-Zee response and the fractional corner charge. Second,
we define a new entanglement property, dubbed ‘higher-order entanglement’, to scrutinize and dif-
ferentiate various higher-order topological phases from a hierarchical sequence of the entanglement
structure. We support our claims by numerically studying a super-lattice Bose-Hubbard model that
exhibits different HOSPT phases.
I. INTRODUCTION
A decade of intense effort has resulted in a thorough
classification and characterization of symmetry protected
topological phases of fermionic and bosonic systems [1–4].
In a recent step forward, the concept of symmetry protec-
tion has been extended to include spatial symmetries [5–
19]. In addition to protected gapless boundary modes,
some topological crystalline phases admit gapped edges
or surfaces separated by gapless corners or hinges, ex-
emplifying a much richer bulk-boundary correspondence.
Insulators of this type are now termed higher-order topo-
logical insulators (HOTIs) [20–25].
Despite the rapid progress in the theoretical under-
standing of HOSPT phases (or topological crystalline
phases, broadly defined) [14, 16, 19, 26–34], experimen-
tally accessible signatures or numerical fingerprints for
recognizing HOSPT phases still remains challenging. In
particular, the observation of gapless modes at the cor-
ners or hinges does not fully guarantee the bulk be-
ing HOSPT [33, 35]. Alternatively, some spatially pro-
tected SPT phases can exhibit fully gappable boundaries
(including corners and hinges) [36, 37], while the bulk
still displays a non-trivial entanglement structure which
distinguishes itself from a direct product state. The
wide variety of proposals for strongly interacting HOSPT
phases calls for a many-body invariant that captures
their key characteristic physical phenomena [35]. A vari-
ety of topological invariants have been proposed [38, 39]
utilizing Berry phases and entanglement spectra. In
contrast to these approaches, which are motivated by
the non-interacting limit, we introduce several universal
many-body invariants specifically for strongly interact-
ing HOSPT phases. In particular, we propose two com-
plementary approaches to characterize different HOSPT
phases:
First, we introduce a many-body invariant that dif-
ferentiates non-trivial HOSPT phases from trivial ones
based on the fact that its U(1) instantons carry angular
momentum, which implies that the U(1) flux insertion
operator does not commute with the Cn rotation sym-
metry. This non-commutative algebra uniquely charac-
terizes HOSPT phases with fractional charges at the cor-
ners. One can further relate this many-body invariant
to the discrete Wen-Zee [37, 40, 41] response, which in-
tertwines the U(1) gauge field and spin connection. The
Wen-Zee response can be probed either by tracking the
angular momentum shift under a 2pi gauge flux insertion
or via measuring the charge density distribution in the
presence of disclinations [25, 37, 42–44]. Remarkably,
such topological response could potentially be probed
and simulated in ultracold atom systems with synthetic
gauge fields created by laser-assisted tunneling or rotat-
ing traps.
Second, we propose a general recipe to detect HOSPT
phases from a new ‘higher-order entanglement’ perspec-
tive. Different from conventional 1D symmetry pro-
tected topological phases, where the entanglement spec-
trum [45] displays gapless (or degenerate) modes akin to
the edge spectrum [1, 36, 45–47], some HOSPT phases
might exhibit a gappable (non-degenerate) and feature-
less entanglement spectra under any arbitrary, symmetry
allowed spatial cut. More precisely, if we merely cut out a
Cn wedge or perform a Cn symmetric bipartition, the en-
tanglement spectrum could display a unique ground state
even if the state is in a non-trivial HOSPT phase. This
implies that the conventional diagnosis of entanglement
spectra fail to detect many HOSPT phases. Thus the
question arises whether one can still reveal fingerprints
of HOSPT phases using entanglement spectroscopy. We
introduce a new type of entanglement property, dubbed
‘higher-order entanglement’ as a fingerprint to differen-
tiate topological distinct HOSPT phases. The entan-
glement branching structure refers to a hierarchical se-
quence of entanglement spectra instead of a single spec-
trum. By symmetrically bipartitioning a Cn symmetric
wave function, we initially obtain the first-order entan-
glement spectrum which might contain non-degenerate
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Figure 1. Super-lattice hardcore boson model on a square lat-
tice with a 2 × 2 unit cell with couplings t within and 1 − t
between unit cells, respecively. Gapped HOSPT phases occur-
ring at commensurate bulk fillings factors n0 = 1/4, 1/2, 3/4
exhibiting different HOSPT orders (a) t = 0 and (b) t = 1. A
flux insertion of φ at the central plaquette is used to define a
many-body invariant (see text for details).
eigenstates. Each non-degenerate eigenstate, upon fur-
ther bipartitions, should then eventually at some order
exhibit a fully degenerate spectrum with respect to each
Cn wedge. Consequently, the entanglement of HOSPT
phases manifests a branching structure, where any non-
degenerate eigenvector of the initial entanglement spec-
trum contains a degenerate entanglement spectrum upon
further cuts.
II. HOSPT’S IN PLATEAUS OF THE
SUPER-LATTICE BOSE-HUBBARD MODEL
For concreteness, we consider a model of hardcore
bosons on a L × L square lattice with a 2 × 2 unit cell.
The Hamiltonian reads
H = −
∑
〈i,j〉
Jij
2
(b†i bj + h.c)− µ
∑
i
nˆi, (1)
where b†i (bi) create (annihilate) a hardcore boson on site
i. The couplings are either Jij = t or Jij = 1− t with t ≥
0 as illustrated in Fig. 1. The Hamiltonian is equivalent
to a super-lattice spin S = 1/2 XY model in the presence
of a magnetic field
H = −
∑
〈i,j〉
Jij
2
(S+i S
−
j + h.c)− µ
∑
i
Szi ,
(2)
where Sσi , σ ∈ {x, y, z}, are the spin operators. The
Hamiltonians are C4 symmetric with respect to the cen-
ter of the lattice and preserve the total particle number
(magnetization) N (M) =
∑
i ni (S
z
i ). For µ = 0, the
system is particle-hole (time-reversal) symmetric.
The phase diagram of Hamiltonian (1) as function of
the chemical potential µ, obtained from density matrix
renormalization group (DMRG) [48, 49] simulations, is
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Figure 2. Particle density n0 as function of the chemical po-
tential µ for the super-lattice Bose-Hubbard model obtained
from DMRG simulations on an infinite cylinder with circum-
ference Ly = 6 and t = 0.1. Extended plateaux occur at
commensurate bulk particle densities n0 = 1/4, 1/2, 3/4.
shown in Fig. 2. The particle density shows extended,
gapped plateaux separated by gapless superfluid regions.
While we show here the case t = 0.1, an identical struc-
ture would show up for t = 0.9 (more generally, exchang-
ing t ↔ 1 − t leaves the spectral bulk properties un-
changed). The ground states in the plateaux are adia-
batically connected to the zero-correlation length limits
at t = 0 and t = 1, respectively. In these limiting cases,
either ground states can be represented as a plaquette
product state |GS〉 = ∏{} |ψn0〉, where the product is
over all plaquettes with strong bonds and n0 is the aver-
age bulk filling,
|ψ1/4〉 =
1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉) (3)
|ψ1/2〉 =
1
2
√
2
(|1100〉+ |0110〉+ |0011〉+ |1001〉)
+
1
2
(|1010〉+ |0101〉) (4)
|ψ3/4〉 =
1
2
(|0111〉+ |1011〉+ |1101〉+ |1110〉). (5)
The difference between the cases t = 0 and t = 1 be-
comes clear when considering clusters with open bound-
ary conditions. In the trivial phase, t = 1, the ground
states are unique for all plateaux (see Fig. 1b). In the
topological phase, t = 0, the four corners are decou-
pled and each of them can be either filled or empty
(see Fig. 1a). Let us consider the case n0 = 1/2 in de-
tail: At fine tuned µ = 0, we find 24 = 16 degenerate
states depending on the occupancies of the four corners
– zero modes are formed at the corners. If µ is detuned
from zero, we obtain a unique C4 symmetric ground state
for which the total particle number deviates from exact
half-filling by a filling anomaly of ±2. Note that the
degeneracy at the corner is no longer protected when
particle-hole (time-reversal) symmetry is broken. The
filling anomaly gives rise to quantized fractional corner
charges which are protected by the C4 × U(1), as it was
3already discussed in the context of HOTI’s [20]. Compar-
ing the charge distributions, we find a fractional charge
Qcorner = 1/2 localized around the corners in the topo-
logical phase, measured with respect to the average bulk
filling [50]. Analogously, we obtain a similar picture for
filling factors n0 = 1/4 and n0 = 3/4 having fractional
corner charges Qcorner = 1/4 and Qcorner = 3/4 for open
boundaries, respectively. As in the half-filled case, the
fractional corner charges are a consequence of the filling
anomalies ±1 and ±3, respectively. Note that, unlike to
the half-filled case, we have to add additional, symmetry
preserving terms to the Hamiltonian to guarantee gapped
edges with appropriate filling factors. Despite the exis-
tence of fractional corner charges, the gapless modes at
the corners can be symmetrically gapped out by turning
on the Zeeman field at each corner to pin the particle
configurations. Subsequently, the degeneracy at the cor-
ner is merely a consequence of the filling anomaly and is
not protected by symmetry.
In the following, we will derive bulk invariants that
can be used to characterize the different gapped HOSPT
phases.
III. MANY-BODY INVARIANT FOR HOSPT
PHASES
Despite the fact that the mathematical structure and
classification of interacting HOSPT phases (or topologi-
cal crystalline phases, broadly defined) is now well under-
stood [16, 19, 26–30, 33], experimentally accessible bulk
many-body invariants [38, 51, 52] for the characteriza-
tion of such phases are still lacking. The obstacle lies
in the fact that the associated topological or entangle-
ment structure cannot be measured by any local opera-
tor. In this section, we introduce a many-body invariant
for HOSPT phases, which is closely related to the Wen-
Zee response [53, 54], where a flux insertion changes the
angular momentum in specific ways, and leverage its re-
lationship with the fractional corner charge. For 2D SPT
phases, that are protected by internal symmetries, their
topological response can be categorized as the Chern-
Simons type, where a flux excitation either contains a
projective symmetry or carries a charge [40]. Hence, af-
ter a symmetry gauging procedure, the resulting gauge
flux carries fractional statistics or projective zero modes.
When it comes to a spatial Cn rotation symmetry, un-
der coarse-graining or renormalization toward the long
wave-length limit, the Cn symmetry on the lattice can
be treated as an internal Zn symmetry at IR and the ro-
tation of the lattice is dual to the internal permutation
of the Zn boson living inside the enlarged unit cell. Such
IR mapping between Cn rotation and internal symmetry
is well-established for the classification and characteriza-
tion of topological crystalline phases. To be more spe-
cific, any HOSPT phase protected by Cn rotation sym-
metry can be traced back to an SPT with Zn symme-
try [30, 42, 55].
A. Flux insertion and Wen-Zee response
Let us now return to the model introduced in Sec. II
with C4 × U(1) symmetry. Based on our previous ar-
gument, a HOSPT phase protected by C4 × U(1) sym-
metry can be traced back to the Z4 × U(1) SPT state
characterized by the mutual Chern-Simons response. In
particular, a U(1) flux insertion could trap a discrete
Z4 charge, hence the U(1) flux operator does not com-
mute with Z4 symmetry. By replacing the Z4 symmetry
with the spatial C4 symmetry, the Z4 quantum number
becomes the angular momentum modulo four and an in-
stanton event (i.e., the U(1) flux insertion) changes the
spatial C4 eigenvalue.
To be more explicit, we introduce the instanton event,
which can be entitled as a flux insertion operator,
U2pi = e
i2piθnˆ(r,θ) (6)
with θ being the polar angle with respect to polar coor-
dinates and nˆ being the density operator. The operator
U2pi introduces a 2pi flux at the central plaquette as shown
in Fig. 1. As a consequence, the boson hopping around
the central plaquette gets a phase modulation. Before
flux insertion, the ground state carries zero angular mo-
mentum (modulo 4). After flux insertion, the plaquette
entangled wave function changes its sign structure and
subsequently the total angular momentum is shifted by
l = 1, 2, 3 depending on the magnetization. To compare
the angular momentum shift after flux insertion, we cal-
culate the commutation relation between the flux opera-
tor and the C4 symmetry,
U2piC4 = e
ipi2 (
∑
i nˆi)C4U2pi = e
ipi2NC4U2pi (7)
The commutation relation depends on the total charge
modulo 4 which is equivalent to the magnetization or
fractional charge density at each corner. When the to-
tal boson number is 4k + l with l/4 charge per quadrant
[56], the flux insertion operator does not commute with
C4 rotation symmetry, hence the the angular momen-
tum is shifted by l after flux insertion [37]. This angular
momentum shift with respect to the U(1) flux is univer-
sal for any HOSPT system regardless of the microscopic
form of the Hamiltonian and is merely determined by the
fractional corner charge at each quadrant.
In general, the angular momentum response with re-
spect to flux insertion can be described by the Wen-Zee
response [37, 41],
l
2pi
ω ∧ dA (8)
where ω is the discrete version of the spin connection.
The curl of the spin connection (∂xωy − ∂yωx) gives the
disclination flux, which is exactly the symmetry flux of
the C4 rotation symmetry. The mutual coupling between
spin connection and U(1) gauge field implies that the 2pi
instanton carries a C4 rotation charge lmod 4. Alterna-
tively, if we gauge the C4 symmetry by inserting a pi/2
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Figure 3. Angular momentum shift of Hamiltonian (1) after
inserting a 2pi flux through the central plaquette. The numer-
ical data is shown for 4×4 clusters at different commensurate
filling factors n0 = 1/4, 1/2, 3/4 with gapped corners. Panel
(a) shows the response for a pi/2 rotation of the full lattice
and (b) for a partial rotation that only involves the center
plaquette.
disclination flux, the resultant charge density trapped
inside the disclination core is ρ = l/4, which exactly
matches the corner charge [42]. Physically, the discli-
nation is generated by removing a quadrant and recon-
necting the boundary, such that each disclination center
contains a fractional charge density equal to the corner
charge. The angular momentum shift with respect to
the flux insertion can only take discrete values [37], re-
suling in a level quantization of the Wen-Zee term, which
is expected for gapped, short-ranged entangled systems.
Remarkably, we expect that the invariant can be probed
in cold atom or ion trap experiments by introducing an
artificial U(1) gauge flux created by rotating traps or
coherent lightmatter interaction and measuring the an-
gular momentum shift implemented by local random uni-
taries [57–59].
B. Numerical measurement of Wen-Zee response
We now numerically compute the previously intro-
duced many-body invariant using exact diagonalization
of small clusters (see Fig. 3). For this we compare the an-
gular momentum quantum number eiϕ = 〈ψ(φ)|C4|ψ(φ)〉
with ϕ = lpi2 mod 2pi and l = 1, 2, 3 of the ground state
with flux φ = 0 and φ = 2pi for clusters with gapped
corners. While we always find ϕ = 0 for |ψ(φ = 0)〉,
the angular momentum of |ψ(φ = 2pi)〉 differs between
different HOSPT phases. To illustrate the results, let us
consider the case t = 0 at filling n0 = 1/4 without flux
for which the center plaquette has the simple form
|ψ1/4(φ = 0)〉 =
1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉).
We find 〈ψ1/4(φ = 0)|C4|ψ1/4(φ = 0)〉 = 1 and thus this
state has zero angular momentum. After inserting a flux
of 2pi, the ground state is
|ψ1/4(φ = 2pi)〉 =
1
2
(|1000〉+ i|0100〉 − |0010〉 − i|0001〉),
with 〈ψ1/4(φ = 0)|C4|ψ1/4(φ = 0)〉 = i and the state has
an angular momentum shift of l = 1. Analogously, we
can understand the response for filling factors n0 = 1/2
and n0 = 3/4. As the quantized Wen-Zee response in
Eq. (8) is local, a 2pi flux insertion changes the wave
function configuration around the center only within an
area spanned by the correlation length.
Next we consider the response due to a partial rota-
tion of a symmetric block of sites around the center (e.g.,
the central plaquette C˜4). Since C˜4 does not commute
with the Hamiltonian (except in the limiting case t = 0
and t = 1), we find 〈ψ(φ)|C˜4|ψ(φ)〉 ∼ e−γ ˜`Beiϕ, where
˜`
B is the linear size of the rotated block and γ > 0 some
constant. The angular momentum shift extracted from
this quantity can still be used to characterize the phases
as shown in Fig. 3b. Since the partial rotation can be
obtained using randomized measurements, implemented
with local random unitaries [57–59], it is expected to be
accessible in any spin system with single-site addressabil-
ity and readout.
IV. ENTANGLEMENT DIAGNOSIS FOR
HOSPT PHASES
The study of many-body entanglement, as obtained
from the reduced density matrix ρA for a bipartition of
the system into two disjoint parts A and B, has been
shown to be a very useful tool for the characterization of
quantum phases of matter [60]. Moreover, the relation
between the topological structure and the entanglement
spectrum, i.e., the spectrum of the reduced density ma-
trix ρA, has been widely explored [36, 45, 61–66]. Re-
markably, most salient topological properties including
quasiparticle statistics, edge excitations, central charge
and topological Berry phase can be readily reached by
scrutinizing the entanglement spectrum. In Ref. [39] it
has been proposed that certain HOSPT phases can be
characterized by the entanglement spectrum, more pre-
cisely, it was suggested that the low-lying eigenvalues eα
of entanglement Hamiltonian H (i.e., the logarithm of
the reduced density matrix) reflects the energy spectrum
5of the in-gap states, and hence can be treated as a fin-
gerprint of the topological phases.
However, such straightforward correspondence be-
tween bulk topology and entanglement spectrum might
not apply to strongly interacting HOSPT states. First
and foremost, some interacting HOSPT states contain a
featureless gapped entanglement spectrum, equivalently
to their trivial phase counterparts. In addition, the cor-
respondence between the low-lying part of the entangle-
ment spectrum and the bulk topology cannot be taken
too literally [65]. Since the reduced density matrix is
the partition function of the entanglement Hamiltonian
(EH) at finite temperatures, the high energy modes in
the entanglement spectrum (ES) also contribute to the
intertwined features of the ground state. In particular,
the low-lying states of the ES may undergo a phase tran-
sition while the bulk phase remains unchanged [65].
We analyze the universal features of the many-body
EH in various interacting HOSPT phases. It is worthy to
emphasize that both the low-lying states and the highly
excited part of the ES are responsible for the ground state
pattern of HOSPT phases, so there is no reason to over-
look the excited states in the EH. To set the stage, we will
first establish a Kramers theorem for the EH in HOSPT
phases: If the symmetry operator acting on each Cn cor-
ner is projective, then the reduced density matrix with re-
spect to each Cn corner cut exhibits level degeneracies for
the whole entanglement spectrum. However, for generic
Cn ×U(1) symmetric HOSPT phases, which do not ren-
der a projective symmetry at the corner, the ES upon
spatial bipartition might be non-degenerate and hence
cannot be treated as a fingerprint for HOSPT states. To
conquer this obstacle, we introduce a new entanglement
property – ‘higher-order entanglement’ as illustrated in
Fig. 4b. The basic idea is that we implement further bi-
partitions for the non-degenerate part of the spectrum,
which in turn shows degeneracies. This higher order en-
tanglement branching phenomena is a unique feature of
HOSPT phases and is closely connected to the fractional
corner charge and Wen-Zee response. In particular, the
higher-order entanglement indicates that the traditional
ES is not adequate for characterizing the topological fea-
ture of the ground state. A complete viewpoint of the
ground state structure requires a hierarchical sequence
of the entanglement branch.
In addition to the exploration of entanglement features
for the ground state, we also demonstrate that the spec-
trum of the EH combined with the actions of the symme-
tries on its eigenstates is sufficient to predict the response
of the phase to flux insertion, linking the entanglement
spectrum to a well-known class of quantized response
functions such as Wen-Zee response or rotation symme-
try gauging. While these responses have previously been
discussed elsewhere [27, 37, 44], we find it useful to dis-
cuss them in the common language of entanglement, both
in order to better understand the universality of the EH
and for practical purposes because these responses can
then be measured from entanglement information read-
Figure 4. Higher-order entanglement branch structure. In
panel (a) the ground state is divided into four symmetric re-
gions. (b) The hierarchical sequencing of the entanglement
spectrum is shown. First, we trace out region (1-3) to ob-
tain the reduced density matrix for region (2-4). Second, for
any single-valued eigenvector of the entanglement Hamilto-
nian the entanglement spectrum between regions 2 and 4 is
calculated showing a two-fold degeneracy for the full spec-
trum.
ily available using DMRG.
A. Entanglement spectrum for HOSPT with
projective symmetry at the corner
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Figure 5. Corner entanglement spectrum for the particle-
hole symmetric case (µ = 0) with even degeneracies of the
low-energy part in the HOSPT phase with half-charge corner
states. The weak symmetry breaking potential at the corners,
which we use to obtain a unique ground state, leads to a
breaking of degeneracies at higher entanglement energies. In
the trivial phase, we obtain a gapped featureless entanglement
spectrum.
In this section we explore the ES of HOSPT phases
protected by Cn × G symmetry, in which G renders a
6projective representation at the Cn corner. For example,
the HOSPT phase in the super-lattice XY model with
µ = 0 has S = 1/2 spins localized at the corners, which
are protected by time-reversal T 2 = −1 and C4 sym-
metry, respectively. We denote this as the generalized
‘Kramers theorem’ of the entanglement Hamiltonian.
Let us consider a Schmidt decomposition that cuts one
quadrant out of the ground state |GS〉,
|GS〉 =
∑
α
Λα|Aα〉1|Bα〉2,3,4, (9)
where the quadrants are defined as in Fig. 4a and Λα
are the Schmidt values. The Schmidt states |Aα〉1 and
|Bα〉2,3,4 form an orthogonal basis of the two parts, re-
spectively. The reduced density matrix is diagonal in the
Schmidt basis ρ1 =
∑
α Λ
2
α|Aα〉1〈Aα|1 and the entan-
glement spectrum is given by eα = −2 log Λα. We first
demonstrate that any Schmidt decomposition should be
block diagonal in the G basis, provided G is a symme-
try of the ground state. Let us act with the symmetry
operation G on the ground state such that
G|GS〉 =
∑
α
ΛαG|Aα〉1G|Bα〉2,3,4, (10)
As G is an internal symmetry, it acts on the two regions
independently. We then set G|A〉1 as the new basis for
the Schmidt decomposition and by doing so the reduced
density matrix for region 1 is,
ρ1 =
∑
α
GΛ2α|Aα〉1〈Aα|1G−1 = Gρ1G−1. (11)
This implies that G commutes with the reduced density
matrix. Now assume G has a projective representation
at the corners. We start with a simple example where
G = T with T 2 = 1 on-site. This is exactly the case
in Eq. (2) at µ = 0 in the absence of a Zeeman field.
As the reduced density matrix ρ1 commutes with T , we
can regard the EH ρ1 = e
−H1 as a many-body system
with T symmetry. Since T is projective for each corner,
we have T 2 = −1 for ρ1 which indicates T is projective
when acting on the reduced density matrix with respect
to the corner region. Consequently, all eigenstates in the
EH come in Kramer pairs. To demonstrate this state-
ment, we take the model in Eq. (2) at the T symmetric
point µ = 0. In the HOSPT state (t → 0), the corner
contains a free spin-1/2 mode with a two-fold level de-
generacy resulting in a projective representation of the
particle-hole symmetry at the corner. In numerical sim-
ulations, these zero energy states at the corner would
unavoidably entangle each other due to finite size effects.
To avoid such long range entanglement from the corner
zero modes, we apply a weak local chemical potential at
each corner to pin the corner configurations without af-
fecting the bulk. Although T symmetry is weakly broken
near the corners, the two-fold degeneracy of the low-lying
states in the ES, contributed from the local entanglement
near the cut-center, still persists. However, the degener-
acy of the highly excited spectrum is slightly lifted as
a consequence of the weak symmetry breaking near the
corners. In Fig. 5, we plot the ES with respect to the
relative hopping amplitude t. In the HOSPT phase, the
low-lying part of the ES exhibits a robust two level de-
generacy. As already mentioned, the high energy part
displays level splitting due to T symmetry breaking at
the corners. In the trivial phase, the ES is featureless
with a unique ground state.
B. Higher Order Entanglement in HOSPT Phases
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Figure 6. Higher order entanglement spectrum for a C4 sym-
metric bipartition of the ground state of Hamiltonian (1) by
tracing out the two diagonal corners. The simulation is made
for t = 0.1 with corner charges 1/4 (a) and 1/2 (b). The
latter case shows a featureless entanglement spectrum with a
unique ground state.
We will now explore the properties of the entangle-
ment spectrum of HOSPT phases that do not exhibit
projective representations at the corners. We begin by
demonstrating that the HOSPT model in Eq. (1) with
C4 × U(1) symmetry can host fully gappable entangled
spectra for any spatial cut away from µ = 0 (i.e., broken
particle-hole symmetry).
Let us focus on the reduced density matrix with respect
to the C4 symmetric quadrant cut in Fig. 4a. For HOSPT
phases with corner charge Qcorner = 1/4 (3/4), away from
the points with fine tuned t, the ES for region 1 has a
unique ground state. This non-degenerate spectrum is a
consequence of the broken particle-hole symmetry. Thus
the configurations with even or odd number of charges in
each quadrant have different weights. Let us consider a
typical fixed-point wave function of the HOSPT phases
with 1/4 charge at the corner, which can be written as
a product of plaquette entangled states, analogously to
Eq. (3). If we trace out a corner site from the plaquette,
the reduced density matrix has unique eigenvalues 1/4
and 3/4, respectively. In the meantime, if we make a C4
symmetric cut by tracing out the region (1-3), we find
a robust degeneracy and all eigenvalues appear in pairs
as shown in Fig. 6a. If we, however, consider a HOSPT
7phase with corner charge Qcorner = 1/2, the ES for re-
gion (2-4) has unique and degenerate low-lying states (see
Fig. 6b). To summarize, the traditional ES is insufficient
for recognizing generic HOSPT phases since it provides
only limited information about the ground state topol-
ogy. We therefore introduce a new entanglement prop-
erty – higher-order entanglement with a hierarchical se-
quence of the ES to categorize distinct HOSPT phases.
1. C4 × U(1) symmetry
We elaborate the power of higher-order entanglement
branch for HOSPT phases with C4×U(1) symmetry but
the argument can be generalized to any C2n symmetry.
As a starting point, we bipartite the system into two C4
symmetry related regions (1-3) and (2-4), respectively
(see Fig. 4a). The Schmidt decomposition for the two
regions is given by
|GS〉 =
∑
Λα|Aα〉1,3|Bα〉2,4. (12)
The two halves are related by symmetry and thus the
Schmidt states are transformed into each other |Aα〉1,3 ↔
C4|Bβ〉2,4. Since the ground state |GS〉 is C4 symmet-
ric, no matrix elements connecting states with different
Schmidt eigenvalues Λα can occur. A unique Schmidt
value Λα implies that |Aα〉1,3 = C4|Bα〉2,4 with two equal
configurations. When |Aα〉1,3 6= C4|Bα〉2,4, the Schmidt
spectrum has to be degenerate to ensure that the state
is C4 symmetric (i.e., the reduced density matrix is in-
variant under C4 symmetry). Moreover, as the theory is
U(1) symmetric, each Schmidt state has a well defined
charge number.
When the HOSPT phase contains fractional corner
charges Qcorner = 1/4 (3/4), the total charge number
of the ground state is odd 4N + 1 (4N + 3). Under
this circumstance, the Schmidt states |Aα〉1,3 and |Bα〉2,4
must have different U(1) charges to ensure that the to-
tal charge density is odd. This in turn implies that
|Aα〉1,3 6= C4|Bα〉2,4 and thus all Schmidt values Λα must
be degenerate for a C4 symmetric |GS〉.
When the HOSPT phase contains fractional corner
charges Qcorner = 1/2, with the total charge being even
4N + 2, it is possible to have unique Schmidt values. For
this specific case, the ground state wave function of the
C4×U(1) symmetry protected HOSPT phase is adiabat-
ically connected to two AKLT chains along the diagonal
and off-diagonal direction, crossing in the symmetry cen-
ter. Although the corner still carries fractional charge,
there is no entanglement between regions (1-3) and (2-4)
resulting in a single-valued ES.
This is where the higher-order entanglement becomes
crucial: We first separate the Schmidt spectrum into a
degenerate part (with |Aα〉1,3 6= C4|Bα〉2,4) and a unique
part (with |Aα〉1,3 = C4|Bα〉2,4) as shown in Fig. 4b. Let
us further bipartite each unique Schmidt state to obtain
a hierarchical sequence of the higher-order ES,
|Aα〉1,3 =
∑
γ
Λγ |Cγ〉1|Dγ〉3. (13)
Note that equivalently we could have considered the cor-
responding state |Bα〉2,4. The two halves are related by
C2 = C
2
4 symmetry and consequently the Schmidt states
are transformed into each other |Cγ〉1 ↔ C2|Dδ〉3 with
Λγ = Λδ. Moreover, all unique Schmidt states |Aα〉1,3
must have charge number 2N + 1 to guarantee the total
charge of the ground state is 4N + 2. Thus we can use
a similar argument to show that all Schmidt values must
come in degenerate pairs. In particular, there cannot be
a single state in the decomposition with |Cγ〉1 = C2|Dγ〉3
and thus the entire spectrum must be degenerate. The
argument flows as follow: If there is a single state with
|Cγ〉1 = C2|Dγ〉3, then Cγ should carry 1/2 charge num-
ber to guarantee the total charge being odd for Aα. As
the elementary charge is an integer, half charges only ap-
pear as the cat state |0〉 + |1〉 breaking U(1) symmetry.
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Figure 7. Entanglement spectra of the HOSPT phase with
half-corner charge at t = 0.1: (a) Entanglement spectrum
for a bipartition in which the two parts are related by the
C4 symmetry. (b) Higher-order entanglement branches of the
unique Schmidt states with exact degeneracies.
The numerical data obtained for the super-lattice Bose
Hubbard model nicely shows the expected higher-order
entanglement branch structure as shown in Fig. 7.
To summarize, the ES of HOSPT phases contains a
branching structure in which non-degenerate Schmidt
states of the initial ES contain a fully degenerate higher-
order ES upon further symmetric cuts.
A similar argument holds for C2n symmetric HOSPT
phases: The entanglement branching structure is similar
but we just need to duplicate the bipartition step further
8as the initial Schmidt spectrum might contain a series
of non-degenerate eigenstates. If we take such state out
and redo the bipartition n − 1 times, the resultant n-th
order spectrum should always contain two-fold degenera-
cies. In particular, it is worth emphasizing that if we
merely make a C2n symmetric corner cut and calculate
the ES of that region, the ES may not display any robust
degeneracy. This is obvious for the plaquette entangled
state |ψ3/4〉 defined in Eq. (5) with ES eigenvalues 1/4
and 3/4, respectively.
V. CONCLUSION AND OUTLOOK
In this work we introduced topological invariants and
the concept of higher-order entanglement as new tools to
characterize HOSPT phases. First, we derived a topolog-
ical many-body invariant, closely related to the discrete
Wen-Zee response and fractional corner charges, which
reveals the non-commutative algebra between flux oper-
ator and Cn rotations. Second, we introduced the con-
cept of ‘higher-order entanglement’, to scrutinize and dif-
ferentiate various higher-order topological phases from a
hierarchical sequence of the entanglement structure.
It is expected that the concepts proposed in this paper
can be generalized to a broad range of HOSPT phases
in higher dimensions. For 3D HOSPT states, we expect
that there exists a rotational Witten effect [67, 68] where
the magnetic monopole carries angular momentum so the
topological invariant is defined via the non-commutative
relation between the monopole insertion operator and the
spatial rotation symmetry. Remarkably, such 3D HOSPT
phases characterized by a rotational Witten effect, upon
symmetry gauging, can potentially prompt a 3D U(1)
spin liquid with crystalline symmetry enriched monopole
structure and intertwined coupling between the phonon
mode and the emergent photon excitations! We antici-
pate that our results will enhance the search of new topo-
logical liquids in crystalline phases.
Another exciting direction is the application of our
concepts to crystalline symmetry enriched quantum
spin liquids and deconfined quantum critical points
(DQCP) [69–72], where the crystalline symmetry inter-
plays with the U(1) gauge field in a non-trivial way. In
particular, in these systems the monopole operator also
carries angular momentum and the instanton operator
is odd under spatial rotation. Consequently, the instan-
ton tunneling events are prohibited by spatial symme-
try and the corresponding gauge theory is deconfined.
We expect some exotic spatial symmetry enriched quan-
tum spin liquids and DQCP can emerge after gauging the
HOSPT (proximate HOSPT) system. Such exploration
also shed light on the search for crystalline symmetry
enriched topological phases which can potentially host
abundant and fascinating phenomenology.
Note: When finishing this manuscript, we become
aware of an unpublished work[73] related to this issue.
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